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Assuming a two-qubit system in Werner state which evolves in Heisenberg XY model 
with Dzyaloshinskii-Moriya (DM) interaction under different environment, we evaluate and 
CN ■ compare quantum entanglement and quantum and classical correlation measures. We show 



3 



that in the absence of decoherence effects, there is a critical value of DM interaction for 
which entanglement may vanish while quantum and classical correlations do not. In the 



presence of environment the behavior of correlations are different and depends on the kind 

C3 



of system-environment interaction. 



1. Introduction 

o 

On 

in 



Correlation between a bipartite system is divided into two parts: quantum correlation (QC) 
and classical correlation (CC). One kind of quantum correlation is quantum entanglement (QE) 
which is not separable and has no classical counterpart. Entanglement is a fundamental feature 
of quantum mechanics [TJ [2], [3] which has many applications in quantum information processing 
>< : ffl, such as quantum cryptography, quantum computation and quantum communication Q Q 

m. 

Despite the many applications of entanglement in quantum information processing, it also 
has some disadvantages, such as entanglement sudden death(ESD). This phenomenon happens 
when entanglement between subsystems vanishes during evolution in finite time [HI El ITU] . 
However, entanglement does not constitute all of the quantum correlation possible. Quantum 
correlation contains non-classical correlations even for some separable states [11]. This shows 
us the advantage of using quantum correlation in quantum information processing. 

Though there is no known relation between quantum entanglement and quantum correlation 
measures, in recent years some analytical and numerical comparisons have been made between 
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them for quantum states [T2l[T3] . There are also plenty of study on quantum entanglement and 
quantum correlation dynamics in open and closed quantum systems [HJ [T5J [TBI El HBl EES] • 

In this work, we calculate and compare the time evolution of quantum entanglement, quan- 
tum correlation and classical correlation measures for a two-qubit system in Werner state un- 
der the influence of XY model with spin-orbit interaction well known as Dzyaloshinskii-Moriya 
(DM) interaction and various system-environment couplings. We will show that, correlations 
have different behaviors, however at the same conditions, quantum and classical correlations 
measures/quantifiers are more stable than quantum entanglement ones. 



2. The model and its solution 



We assume the Werner state EEfl as the initial state 



P(0) = (— ^4x4 + ><¥>|), (1) 

where \<p >= 77j(|10 > +|01 >) is the maximally entangled state of two qubits (i.e. the Bell 
state), /4 X 4 is an identity 4x4 matrix and p is the mixedness degree of the state in which p 
is not entangled for < p < | and entangled for | < p < 1. We evaluate the dynamics of the 
initial state (1) as follow [21] 

% = -iW, P] + \ £ (%*} - b]b jP - pfctfc.), (2) 

where H is the Hamiltonian for a two-qubit system in an anisotropic Heisenberg XY model 
with DM interaction defined as [221 E3] 

H = \{J*°l°l + Jy°y y + D(cry y - ^)), (3) 

where D is the strength of spin-orbit coupling along the z direction, hence D = D z . (ct* , a l y , a l z ) 
are the Pauli operators for iJbh spin, Jj are the spin interaction couplings. The Hamiltonian, 
Eq.(j3]), can be expressed in terms of spin raising and lowering operators, a ± , as 

H = (J + iD)o J [o 2 + (J - %D)o^al + A(a^a^ + o^ovT), (4) 

where J = (J x + J y )/2 and A = (J x — J y )/2 can be considered as the mean value and anisotropy 
measure of spin interaction couplings respectively. For simplicity, we have taken the value of J 
to be 1. 



The second term in the right-hand side of Eq.(2) is a non- unitary evolution of decoherence 
effect in the Lindblad form in which 7 and bj are respectively the strength and interaction 
operators of the system-environment coupling. The interaction operators, bj, are defined as spin 
raising and lowering operators, a ± , which can be modified for different models of decoherence. 
For a dissipative environment b\ — a~ , for which the system is coupled with a thermal bath 
at zero temperature. It can be considered as an energy decay of a qubit due to spontaneous 
emission. The exact solution of this model for the Eq. (2) is given by 
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where v = \/D 2 + J 2 and u = 7 — 2iA. 

For the infinite temperature or noisy environment bi = a~ and b 2 = u + , and hence its 



solution for the Eq.(2) is expressed as 

1 — pe~^^ 

p n (t) = p M (t) = (6a) 

Pu(t) = Pl^t) = (6b) 

022(f) = \[l+p{e-^ + £(e 2i(il/ " 7) - e" 2 ^))] (6c) 

p 33 (t) = i[l +p(e-^ - ^(e 2t( ^" 7) - e- 2 *^))] (6d) 
oe _27< 

P2z(t) = P Ut) = 2 f D+ (iJ + Dcos(2ut)). (6e) 

Another model of decoherence which has no classical counterpart is dephasing, where 

b = a + a~. In this case, without losing energy, phase (quantum information) is damaged, 
for example by scattering. Like the previous cases, the solution is written as follows 

1 — p 

p u (t) = pu(t) = (7a) 

Pu(t)=pl 1 (t) = (7b) 
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where K = ^y 2 - 16(L> 2 + J 2 ). 

3. Quantum correlation and entanglement measures 

Concurrence (C) as a measure of entanglement for a two-qubit states is defined as 
C(p(t)) = max(0, - y% - (8) 

where A» are the eigenvalues, in decreasing order, of the matrix 

£ = P*(f)(<®<)p(i)(<®<), (9) 

p*(t) is the complex conjugate of pit) and a y is the Pauli matrix in the y direction. For the 
density matrix of equations(5), (6) and (7) concurrence is given by 

C = max[0, 2(\p 23 \ - y/pnpu, \pu\ - y/PviPss)]- (10) 



Quantum discord {QD) as a measure of quantum correlation for two-qubit bipartite systems 
is defined as the difference between the quantum mutual information, I(p AB ), and the classical 
correlation(CC) j23 M, E3 M\ 



QD(p AB ) = I(p AB )-CC(p AB ), 



'IV. 



the quantum mutual information is defined as I(p AB ) = S(p A ) + S(p B ) — S(p AB ), where S(p) 
-tr(p\og 2 p), and 



CC(p AB ) = S(p A )-mtn(S(p\{B l })), 



(12) 



where S(p\{Bi}) is the conditional entropy and minimization is taken over all possible Von 
Neumann measurements on subsystem, B. The quantum conditional entropy is defined as 



S{p\{B i }) = Y i PiS{p. 
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(13) 



where 



pf = -(I A ®B i )p AB (I A ®B l 
Pi 



(14) 



is the density operator of subsystem, A, after obtaining the outcome % of subsystem, B, with 
the probability 



Pl = Tr [{I A ®B i )p AB {I A ®B i )]. 



(15) 



We use the analytical method given by M. Ali et al. [28] to minimize S(p\{B i }). Therefore, 
QD for the density operators, equations(5), (6) and (7) is 



QD(p AB ) = S(p B ) + !og 2 A/ + rmn[S u S 2 , S 3 , 



(16) 



where p A {t) is the reduced state of p A B{t), A/ are the eigenvalues of the state p A B (t) ? 5*1 



Poh(e ) +Pih(6 1 ), S 2 = h(e 2 ), S 3 = h(9 3 ) and 5 4 = h(8 4 ), where h{9) 
— ^-log 2 and according to the matrix elements, 9i are expressed as 
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P22 + P44 



2 = 2\/ |pi 4 | 2 + IP23I 2 + 2Re{p lA p* 23 ) + -(pn + P22 - P33 - P44) 2 , (19) 



^ = 2 \i \p 14 \ 2 + |p 23 | 2 - 2Re(p u p* 23 ) + \(Pn + P22 - P33 - Pi;) 2 - (20) 



0j 2 i |pi 4 | 2 + |p 23 | 2 + 2Im(p u p* 23 ) + i(pn + P22 - P33 - P44) 2 , (21) 
and their corresponding probabilities are p = pn + P33 and p x = p 2 2 + P44. 



4. Comparison 

4.1. Without decoherence 

Now we consider the case of 7 = for which there is no decoherence effect. In this 
case, when there is no spin-orbit interaction, D = 0, quantum and classical correlations, as 
well as entanglement, have constant values as their values just depend on the initial state. 
For instant when p = 1/2, then QD = 0.26, CC = 0.19 and C = 0.25. They begin to 
oscillate with non-zero values of D. We have plotted time evolution of concurrence, quantum 
discord and classical correlation in Fig.l for p = 0.5, 7 = and different values of D. From 
Fig.l, we see that there is a critical value of D for which concurrence vanishes periodically 
and ESD happens while quantum discord and classical correlation remain non-zero with their 
corresponding fluctuations. It is obvious that with the growth of spin-orbit interaction the 
frequency of quantifiers increases. In general the frequencies of quantifiers in unit time are the 
same for all correlations, whereas the amplitude of classical correlation is less than the amplitude 
of quantum discord and concurrence. Finally, we note that the quantifiers are independent of 
A from Eq.(5) when 7 = 0. 



4.2. With decoherence 

In this section we compare the dynamics of entanglement, quantum and classical correla- 
tions in the presence of decoherence. We assume that the strength of the system-environment 
coupling is weak and 7 = 1/2 for all cases. At first we investigate the case of dissipation. 
The dissipative environment moves the system to the ground state, when t — > 00 and 7 7^ 0, 



the elements of density operator, Eq.(5), are reduced to pu = P22 = P33 = A 2 /(4A 2 + 7 2 ) , 
p 44 = (A 2 +7 2 )/(4A 2 + 7 2 ) and p 14 = — ryA/(4A 2 + 7 2 ). Therefore, quantum discord and clas- 
sical correlation exist for non-zero values of A from equations (11) and (12). But concurrence is 
reduced to (7A — A 2 )/(4A 2 + 7 2 ) and vanishes for A > 7. It is indicated that these correlations 
can be controlled by the anisotropic parameter, A, and quantum and classical correlations are 
more stable than entanglement. We have plotted correlation measures as a function of time 
and A for p = 0.5 and D = 1 in Fig.2 according to Eq.(5). We also have plotted the dynamics 
of correlation measures in Fig. 3 for different values of A, but with the same values of p and D 
as in Fig.2. For A = and 7 = 1/2, the elements of the density operator of Eq.5 go to zero, 
except P44 which its value is 1; therefore all the correlations vanish after some fluctuations as 
depicted in Fig.2 and Fig. 3(a). For non-zero and weak anisotropic values of A, concurrence 
reaches to a fixed value after several fluctuations in which ESD appears and disappears, while 
quantum discord and classical correlation reach to their corresponding steady values without 
vanishing, as shown in figures 2, 3(b) and 3(c). In the case of strong values of A, concurrence 
vanishes abruptly, while quantum discord and classical correlation reach to a steady value after 
some oscillations as shown in figures 2(c) and 3(d). We note that quantum discord and classical 
correlation have the same value at infinite time. 

We are also interested in the behavior of p(t), Eq.(5), when the state is completely mixed 
meaning at p — 0. In this point there are not any correlations at t — 0. We have plotted the 
time evolution of correlation measures for different values of A, when D = 1 and p = in Fig.4. 
As we can see in Fig.4, entanglement revives after awhile and reaches to a steady value for the 
small values of A and remains zero for the large values of A, whereas, quantum and classical 
correlations revive and attain steady values and remain non-zero in the same way. 

In the noisy and dephasing environment, their corresponding density operators are indepen- 
dent of the parameter A, can be seen from equations (6) and (7) respectively. When t — > 00, 
the noisy environment induces the system to a mixed state and for the density operator, Eq.(6), 
we have pu(t) = P22W = P33W = Pu(t) = 1/4; therefore, correlations go to zero as depicted 
in Fig. 5 (a). 

In the case of dephasing at infinite time, t — > 00, we have pu(t) = pu(t) — (1 — and 
= P33(0 = (1 +p)/4, from Eq.(7); therefore classical correlation does exist for non-zero 
values of p, for instance when p — 1/2, CC = 0.19, and there is neither quantum discord nor 



entanglement for t — > oo, as displayed in Fig. 5(b). 

5. Conclusions 

In this work we have considered a two-qubit state in Werner state which evolves in Heisen- 
berg XY model with the DM interaction under various system-environment couplings. We 
analytically evaluated and compared quantum entanglement and quantum and classical cor- 
relations. We show that in the absence of decoherence effects, there is a critical value of DM 
interaction for which quantum entanglement may vanish while quantum and classical correla- 
tions remain non-zero. In the presence of a dissipative environment, the anisotropic parameter 
can control the behavior of correlations and prevent them from decaying, while in the isotropic 
case the correlations go to zero quickly. The noisy environment enforces all of the correla- 
tions to decay abruptly. Classical correlations do not decay in a dephasing environment, but, 
since quantum information is destroyed by this kind of environment, then quantum correlation 
and entanglement vanish after some fluctuations. As a result, it is shown that the quantum 
and classical correlations are more robust than the quantum entanglement in the absence and 
presence of decoherence. 
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Figure 1: Concurrence (thick solid line), quantum discord (thin solid line) and classical corre- 
lation (dashed line), in the absence of decoherence (7 = 0) for p = 0.5, (a) D = 1, (b) D = 2, 
(c) D = 3 and (d) D = 5. 




Figure 2: (a) Quantum discord (QD), (b) classical correlation (CC) and (c) concurrence (C) 
versus time and anisotropic parameter (A) for p = 0.5, 7 = 0.5 and D — 1 . 




Figure 3: Concurrence (thick solid line), quantum discord (thin solid line) and classical correla- 
tion (dashed line) for the dissipative environment and the other parameters are p = 0.5, D = 1 
(a) A = 0, (b) A = 0.2, (c) A = 0.4 and (d) A = 0.8. 
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Figure 4: Concurrence (thick solid line), quantum discord (thin solid line) and classical corre- 
lation (dashed line) for the dissipative environment for p — 0, D — 1 (a) A = 0.2, (b) A = 0.4 
and (c) A = 0.8. 
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Figure 5: Concurrence (thick solid line), quantum discord (thin solid line) and classical corre- 
lation (dashed line) for p = 0.5, D — 1 and (a) noisy environment, (b) dephasing environment. 



